In this article we show how one can use the local models of integrable Hamiltonian systems near critical points to prove a localization theorem for certain singular loci of integrables semi-toric systems in dimension 6.
Introduction
The classification of integrable Hamiltonian systems is a great and very difficult task. Yet, for the subclass of the so-called toric systems, it has been achieved. A toric system is an integrable Hamiltonian system whose every critical point of F is non-degenerate and for which every component of the moment map provides a global S 1 action. For these systems, the image of its moment map is a rational convex polytope (Atiyah -Guillemin & Steinberg theorem - [Ati82] , [GS82] , [GS84] ), and this image characterizes completely the system , [Del90] ). With this strong result, problems involving toric systems are now essentially algebraic and can be treated as it.
In almost-toric and semi-toric systems, we introduce other types of singularities while trying to stay as close as possible from toric systems. Their study clearly fall under the domains of geometry and analysis but, what is lost in rigidity is recovered in generality : an almost-toric system is much more general than a toric one. This is why community studies almost-toric systems with care. In this paper, our point is to get a description of the image of the moment map by describing sets of critical values.
Since it is question of singular points and values, we shall first agree on the definition of a singularity. Given a symplectic manifold (M 2n , ω), we define an integrable Hamiltonian system by its momentum map F ∈ C ∞ (M → R n ), which is such that {f i , f j } = 0 and df 1 ∧ . . . ∧ df n = 0 almost everywhere. If not specified, we always assume that F is proper. We also design by F H := {connected components of H −1 (c)|c ∈ Im(H)} the foliation associated to H. A leaf, hence, is a connected component of a fiber.
Definition 1.1. A critical leaf of H is a leaf in F H that contains a critical point for H.
A singularity of H ∈ C ∞ (M → R k ) is defined by Zung in [Zun96] as (a germ of ) a tubular neighborhood of a critical leaf.
We start with the following definition given by Symington in [Sym01] : Definition 1.2. Let F = (f 1 , . . . , f n ) : (M 2n , ω) → R n be an integrable Hamiltonian system. It is said to be almost-toric of complexity c n if every critical point verifies these conditions :
• all critical points are non-degenerate : in the symplectic context, it means that the subalgebra generated by Hess(F ) is a Cartan subalgebra of maximal rank,
• there are no singularities of hyperbolic type : k h = 0,
• the functionF c := (f c+1 , . . . , f n ) generates a global T n−c -action.
Toric case is the case c = 0. We keep the terminology "semi-toric" to the case c = 1 and define thenF := (f 2 , . . . , f n ) as the function that generates the T n−1 -action.
Since in this paper indexes in calculus can be heavy, we rely on these notations, hoping they shall lighten the reading Notations 1.3. We fix the bold notations for row vectors x = (x 1 , . . . , x r ) (e.g. : θ = (θ 1 , . . . , θ kx ), I = (I 1 , . . . , I kx )). We also fix the convention, given row vectors x and y of the same size and z a single coordinate :
Lastly, for A, B ∈ M p,q (R), A • B = (a ij b ij ).
The linear model
In the symplectic context, at a critical point the components can be of three kinds : elliptic, hyperbolic and focus-focus. Here, we give the linear model associated to each of them Definition 1.4. Let F = (f 1 , . . . , f n ) : (M 2n , ω) → R n be an integrable Hamiltonian system and m a critical point. We say that m has a component of We set then some notations Notations 1.5.
• k− Williamson type : quadruple of integers (k e , k f , k h , k x ),
• k e − number of elliptic components,
• k f − number of focus-focus components, 
We can now define in a suitable context the following linear model, with 0 for critical point
, and the I the action coordinates.
And again, some notations Notations 1.7.
•
Note here that since the fibers of F may not be connected, we can have
Location of semi-toric critical values
This subsection is devoted to the formulation and the explanation of our main result. Definition 1.8. Embedded surfaces in F (M 6 ) are called nodal surfaces, and we denote them Γ i .
Let P be a point in R n and e 1 the first vector of the basis induced by Fe 1 is the direction of f 1 . We prove here the following "location theorem" : 
there exists a local symplectomorphism ϕ i of M and a unique affine plane P(Γ i ) of the form P(Γ i ) = P + R · e 1 + R · v 1 + . . . + R · v kx with v 1 , . . . , v kx a free family with integer coefficients, such that ϕ * 
If we assume that the fibers are connected, then the nodal surfaces are isolated : there exists a open neighborhood
In particular, this theorem answers negatively to a question asked to me by Colin de Verdière in 2010 : "Can we have a "loop" of focus-focus-transverse singular values in dimension 2n = 6 ?". We must thank him deeply for this simple question that acted both as a compass and as an incentive in my research during the years 2010-2011. We first developped the techniques of local models to answer this question, and then figured out that we could generalize the result using more "conceptual" theorems. This is the object of two articles to be published soon : [Wac14a] and [ZW14] .
In the theorem above, we speak of critical values of a given Williamson type, but the Williamson type of a fiber is not well defined. As a result, a value can belong to different CrV k (M )'s. Yet, we chose to give a result describing the image of the moment map rather than the base space of the foliation, because our "local model" results describe the former. Description of the latter requires the introduction of new structures and a study on its own. This is what we actually work on in a paper with N.T. Zung that is to be published in the following months, hopefully. Another reason is that the image of the moment map is the space that physicists directly have access to by experimentation.
Organization of this paper is the following : first we set up background to discus local models, and then remind existing results concerning the existence of these models, or "normal forms". Then we give precisions concerning the local model of the image of a semi-toric critical point, and we finish with the proof of the global result Theorem 1.9 using the results about local models proved in section 3.
Normal forms for points, orbits and leaves
In this section, we remind different results to explain the context and how our result must be understood. We start with Eliasson normal form, with the Focus-Focus-Elliptic case as an example. We pass by the orbital MirandaZung's theorem of linearization by orbits and finish with Zung's leaf-wise theorem "Arnold-Liouville with singularities".
Elliasson normal form
In 1984, Eliasson proved the following theorems although he only published the first one. We state the theorem and give the necessary references for the reader for a full proof : 
It was the contribution of many people that allowed eventually the statement of the theorems above. The first works to be cited here are those of Birkhoff, Vey [Vey78] 
Semi-local normal form
We go on with the semi-toric assumption : k f = 0 or 1 and k h = 0. Eliasson normal form is the first of many results generalizing the symplectic linearization of integrable systems.
Let F : (M 2n , ω) → R n be a proper integrable semi-toric system. The orbit O m of a critical point m ∈ M by the local Poisson R n -action is a submanifold of dimension equal to the rank k x of the action at the point m.
For this section, we can assume without loss of generality that df 1 ∧. . .∧df kx = 0. 
such that : This theorem is an extension of Eliasson normal form : it means that we can linearize the singular Lagrangian foliation of an integrable semi-toric system symplectically on an orbital neighborhood of a non-degenerate critical point. The normal form is valid in a neighborhood that is larger than a "pointwise" ε-ball of a critical point : it is saturated with respect to the transverse action of the system.
Arnold-Liouville with singularities

Stratification by the orbits
One of the consequence of the existence of focus-focus and hyperbolic critical points is that there is a distinction between the leaf containing a point and the orbit through that point. The following proposition describes precisely how non-degenerate critical leaves are stratified by orbits of different Williamson types :
Proposition 2.5. Let m ∈ M be a point of Williamson type k of a proper, non-degenerate integrable system F . Then :
For any point m in the closure of
3. The quantities k e , k f + c and k f + o are invariants of the leaf.
For a non-degenerate proper semi-toric system, a leaf Λ contains a finite number of F -orbits with a minimal k for , and the Williamson type for these F -orbits is the same.
All these assertions are proven by Zung in [Zun96] and essentially rely on the stratification of the leaf by orbits of varying partial order. The last statement asserts that, in a non-degenerate critical leaf, a point with minimal Williamson type is not unique in general, but the minimal Williamson type is.
This allows us to give the following definition :
Definition 2.6. For a non-degenerate semi-toric system F , and b an element of the base space B of the foliation F, the Williamson type of a leaf
That quantity is well defined because the only critical leaves that difers from those of toric systems, are the ones that contains singularities with focusfocus components. Since leaves are closed, points with minimal Williamson type must contain one F F component and the maximal number of E components the leaf has. That ensures us the unicity of the Williamson type of the leaf. Let us mention here that once we have defined the Williamson type of non-degenerate orbits and leaves, there is no relevant notion of a Williamson type of a fiber. 
An integrable system will be called topologically stable if all its critical points are non-degenerate and topologically stable.
The assumption of topological stability rules out some pathological behaviours that can occur for general foliations. Note however that for all known examples, the non-degenerate critical leaves are all topologically stable, and it is conjectured that it is also the case for all analytic systems.
Since the papers [Zun96] and [Zun03] of Zung, the terminology concerning the assumption of topological stability has evolved. One speaks now of the transversality assumption, or the non-splitting condition. This terminology was proposed first by Bolsinov and Fomenko in [BF04] .
Yet, the expression "topological stability" was originally justified by the following theorem Theorem 2.8 (Zung, [Zun96] Properties of elliptic and focus-focus singularities are discussed in details in [Zun96] . In particular, the fact that we can extend the Hamiltonian S 1 -action that exists near a focus-focus point to a tubular neighborhood of the focus-focus singularity guarantees that the focus-focus critical fiber is indeed a pinched torus. Assumption 2.10. From now on, we will assume that all the systems we consider are simple and topologically stable. In particular, simplicity implies that for the semi-toric systems we consider, focus-focus leaves will only have one vanishing cycle.
Statement of the theorem
Now we can formulate an extension of Liouville-Arnold-Mineur theorem to singular leaves. We call the next theorem a "leaf-wise" result, as we obtain a normal form for a leaf of the system. However we won't say that assertion 2. of the theorem extends Eliasson normal form, since here the normal form of the leaf doesn't preserve the symplectic structure.
Theorem 2.11 (Arnold-Liouville with semi-toric singularities, [Zun96] 
where (θ, I) are the action-angle coordinates on T * T , where T is the zero torus in Miranda-Zung equivariant Normal form theorem stated in [MZ04] and ω 1 is a symplectic form on R
Theorem 2.11 says that in particular for semi-toric systems, under this mild assumption that is topological stability on the leaves, a critical leaf Λ is diffeomorphic to a product of the "simplest" regular, elliptic and focus-focus leaves one can find. 
Stratification by Williamson index
We give now the following results, consequences of Zung's article [Zun96] . It is an extension of stratification of M by the rank of F to te semi-toric case. To this end, we give a definition of a stratification • Splitting condition : by induction over the dimension of the stratified manifold n.
and a cone C(J) = over a (n−dim S i −1)-dimensional stratified smooth manifold J (and (n − dim S i − 1) ≤ n − 1 ) such that : U x and D i × C(J) are isomorphic as stratifolds.
The triplet (M, S, I) is called a stratified manifold.
The definition above is consistent, since strafications of manifolds of dimension 0 and 1 are obvious. Usually, one define stratification over larger classes of objects that are not regular enough for the given topology, while the strata are. Here, the example to remember is the cone, or the manifolds with corners : they won't be smooth manifold but their strata will be.
Theorem 2.14. Let (M 2n , ω, F ) be a semi-toric integrable Hamiltonian system.
Then we have the following results :
system with no critical points.
• The triplet (M, CrP
Proof. Concerning points 1. and 2., if we take a critical point p ∈ M of Williamson index k, with items 2. and 3. of Theorem 2.11 we have a tubular neighborhood V of the leaf containing p such that V is leaf-wise diffeomorphic to Next, we have that
To conclude with point 3., we first have to prove the decomposition condition. it is clear that {CrP k (M )} k∈W(F ) is a partition of M by smooth manifolds. The indexing set is the poset W(F ). Remebering Proposition 2.5,
To prove the converse statement, one can notice with the local models that for a critical point m of Williamson index k, m can always be attained by a sequence of points of the same Williamson index, provided that this index is bigger than k. In particular, m is in CrP k (M ).
For the splitting condition, with Item 2. of Theorem 2.11 we see that we only need to treat the simple elliptic and focus-focus cases with local models. In the elliptic case CrP E R 2 is just a point : a neighborhood of the critical point is a disk, it is homeomorphic to the critical point times a cone over a small circle. For the focus-focus case, it is not more complicated : CrP F F (R 4 ) is again a point, and we need to show there exists a 3-dimensional stradispace L such that a neighborhood of the focus-focus point is homeomorphic to this point times the cone over L. We can just take the 3-sphere S 3 and take the cone over it : it is homeomorphic to the 4-ball, and hence is a neighborhood of a focus-focus point.
Local models for semi-toric values
Eliasson normal form theorem 2.1 and Miranda-Zung theorem 2.3 give us a general understanding of the commutant of an almost-toric system : we have a local model of the image of the moment map near a critical value, that can be precised in the semi-toric case. We remind first these two lemmas. 
such that
Lemma 3.2. Let (M, ω, F ) be a proper, non-degenerate almost-toric integrable system. Then its fibers has a finite number of connected components.
Proof. of Lemma 3.2 Let c be a value of F , and L be a connected component of
On each point of L we can apply Eliasson normal form. Since F is compact and observing at the local models that can occur on L, this gives us the existence of an open neighborhood V(L) of L in which there is no other connected component of F −1 (c). Now, we have that
is an open covering of F −1 (c), which is compact by the properness of F . We can thus extract a finite sub-covering of it. It implies that there is only a finite number of connected components.
Symplectomorphisms preserving a semi-toric foliation
Eliasson-Miranda-Zung normal form gave us the existence of G a local diffeomorphism of the linear model associated to any integrable system. The theorem presented here gives precisions about the form of G in the semi-toric case 
That is, the Jacobian of G is of the form :
Or, put in another way,
with :
This theorem includes the particular case where F = Q k , that is, when we consider symplectomorphisms that start and end with Q k . One more convention we shall use from here : we multiply periodic vector fields by 2π so that in calculus, we do not have to bring along a 2π constant.
Proof of Theorem. 3.3
Since ϕ is a symplectomorphism, it preserves the dynamics induced by the Hamiltonian vector fields ofF . We have assumed that the components ofF have 2π-periodic flows. So, once pushed forward by ϕ, the vector fields must remain 2π-periodic. We have the expression 
gives us the following expression for the flow on a neighborhood U : 
So necessarily, for i = 2, . . . , n and j = 1, . . . , n, we have ∂ q 1 G i = 0 and
If a coefficient of the Jacobian is integer on ϕ(U), it must be constant on it. This shows thatF = A •Q with A ∈ M n−1 (Z). Now, A is invertible because G is a local diffeomorphism, and since the components ofF are 2π-periodic, we have that necessarily A −1 ∈ M n−1 (Z).
Note that this result here only uses the 2π-periodicity of the flow, and no other assumption about the dynamics of F . In the next theorem, we have the same foliation before and after composing with ϕ. This stronger statement will get us precisions about the form of Jac(G), in particular the unicity of its infinite jet on the set of critical values.
Transition functions between the semi-toric local models
In this section, we need to precise our notion of flat function. To this end, let's introduce the following set : 
Symplectomorphisms preserving a linear semi-toric foliation
We prove here a kind of uniqueness theorem of the G introduced in Theorem 3.3. For this reason, we shall call the diffeomorphism B here, because the constraints of G in that case is an information about the possible changes of the Basis Q k that can occur. 
, so that we have :
That is, we have, forx = x • ψ −1 :
For the Jacobian, it means that
S (U) (they are the derivates of u in all the variables).
For practical uses, we are not interested in the precise form of u, but just by the fact that it is flat on S.
The theorem was proved in the focus-focus case for 2n = 4 by San Vũ Ngo . c in [VN03] . We follow the same ideas to give here a proof in the general case.
Proof of Theorem. 3.5
As a particular case of theorem 3.3, we already know that Jac(B) is of the form (♠). The point here is to exploit the fact that the linear model Q k has specific dynamical features conserved by a canonical transformation. Note also that the fibers of Q k are connected.
Points (2), (3) and (4) :
A point fixed by the flow of a Hamiltonian H is preserved by a symplectomorphism : its image will be a fixed point for the precomposition of H by a symplectomorphism. Theorem 2.3 tells us how critical loci of a given Williamson type come as "intersections" of other critical loci. In particular, we know that for i = 1, . . . , k e , there exists a c i ∈ U such that for all p ∈ (Q k ) −1 (c i ), χ q e i (p) = 0, χ q e j (P ) = 0 for j = i and χ q 2 (p) = 0 ( the χ I 's never cancel). Now, we have the following formula
The family
is a free family (Q k is an integrable system), so we have for j = i that E e ij = 0, and E x ij = 0 for all j = 1, . . . , k x . This is true for all i = 1, . . . , k e . If we take a c in {q 1 = q 2 = 0}, we get by a similar reasoning that F e = 0 and F x = 0.
Point (1), part 1 :
Now, we need to deal with the flow of q 1 , that is, the "pseudo-hyperbolic" component of the focus-focus singularity.
On an open set U, we have the explicit expression for the field of q 1 • ψ
First, since the χ I i 's have no fixed point, we necessarily have that
The result is true for all k with k f = 1, so if k e 1, we can apply the same reasoning and get equation 2 for CrVk(U), wherek
Now that we know there is no transverse nor elliptic component in the flow of q 1 • ψ −1 for critical leaves with focus-focus component, let's focus on the q 2 -component.
A leaf Λ of Q k of Wiliamson type k k is stable by the flow of q 1 . On it, the flow is radial : for a point m ∈ Λ of Williamson type k = (0, 1, k x ), there exists a unique point m on the zero-torus of the leaf Λ such that the segment [m , m[ is a trajectory for q 1 . Depending on whether m is on the stable (+) or the unstable (-) manifold, we have that [m , m[= {φ
Remembering that m is a fixed point for q 1 , we have that 
This shows that B 1 is constant in the variables (q e , I) on CrV Q k k (U ), but does not tell us more information.
Point (1), part 2 :
To show that B 1 − q 1 is flat on CrV I ) as parameters. We can always suppose that ψ preserves the stable and unstable manifold of q 1 : this assumption is equivalent to fix the sign of ∂ 1 B 1 to be positive on U. As a result we'll have f 1 = 1. And again, we can assume that k e = 0, as flatness is a closed property : here, it is stable when taking the limit q
One can then state the fact that Υ is a smooth and single-valued function in a neighborhood W containing {(0,δ, θ, I), θ ∈ T kx , I ∈ B kx (0, η)}. Now, we know that ψ −1 (0,δ, θ, I) is of the form (0, a, θ , I) and ψ −1 (δ, 0, θ, I) is of the form (b, 0, θ , I), since ψ preserve the level sets and the stable and unstable manifolds. Hence, for
With the expression of Υ in (5), we know that in the complementary set of {z 1 = 0}, ψ −1 • Υ • ψ is equal to the joint flow of B(q 1 , q 2 , I) at the multi-time (ln .
Since ψ −1 •Υ•ψ is smooth at the origin, it's also smooth in a neighborhood of the origin; for c small enough, we can look at the first component of the flow on (c, a, θ, I) : here c shall be the variable while a, θ and I are parameters. We have the application c →e
The terms in brackets are obviously a smooth function of c, and so the last exponential term is also smooth as a function of c on 0. Hence, the real part and the imaginary part are both smooth functions of (c 1 , c 2 ) in (0, 0, I).
We then have the following lemma :
Then f is necessarily flat in 0 in the k variables (x 1 , . . . , x k ).
With this elementary lemma, we have that (1 − ∂ 1 B 1 ) • α and ∂ 2 B 1 • α are flat for all (0, 0, I), where α(c 1 , c 2 , I) = (c 1 δ 1 + c 2 δ 2 , c 1 δ 2 − c 2 δ 1 , I). The function α is a linear function, and it is invertible since δ = 0. This gives us the flatness of 1 − ∂ 1 B 1 and ∂ 2 B 1 , as functions of c 1 and c 2 for all the (0, 0, I), and thus, as functions of all the n variables for all the (0, 0, I). We have thus u ∈ F S (U → R) with S = {(0, 0, I)|I ∈ R kx }. Supposing that ψ exchanges stable and unstable manifolds yields the same demonstration mutatis mutandis, that is, in the last part of the proof, if we look at the first component of the flow on (c, a, θ, ξ) with a, θ and ξ understood as parameters.
In Theorem 3.3, we associate to a symplectomorphism that preserves a semi-toric foliation a unique G of the form (♠). It would be interesting to have more knowledge about the restrictions on such symplectomorphism, but here we want to describe the moment map. We'd like to know for instance to what extent G is unique in Theorem 3.3.
Theorem 3.5 can be applied to answer this question. If we think of the G's as "local models" or "maps" of the image of the moment map, then Theorem 3.5 describes the "transition functions" B. Indeed, if we have two local models given by Theorem 3.3, on U ⊆ M , a neighborhood of a point m of Williamson type k, one has :
Then we get :
We can apply Theorem 3.5 to the pair (ψ = ϕ −1 • ϕ , B = G −1 • G ) and then get the relation :
Symplectic invariants for the transition functions
We have given some restriction on the transition function B between two local models of a semi-toric system. If we now authorize ourselves to change the symplectomorphism in the local models, we can have a "nicer" G. This amounts to determine what in B is a semi-local symplectic invariant of the system. Let us set
Theorem 3.7. Let ψ be a symplectomorphism of L k preserving Q k and B one of the possible associated diffeomorphisms of R n introduced in Theorem 3.5, of the form ( ). Consider the diffeomorphisms
and
where
Then we have that ζ B and η B are symplectomorphisms of L k which preserve the foliation Q k and
with u as introduced in Theorem 3.5.
The symplectomorphisms ζ B and η B are admissible modifications of semi-toric local models. If we have two local models (ϕ, G) and (ϕ , G ), Theorem 3.7 tells us we can always modify the symplectomorphism of one of them, for instance ϕ , to get another local model (φ ,G ) such that :
First let's prove equation 7.
For η, we have :
k , so we can treat each action separately. We can also treat E 1 and E 2 separately, as the two matrices commutes, and treat only the case when 
What is left is to prove the preservation of ω. For ζ we have :
Im (e
Im dz
This theorem means that the only symplectic invariants of the local model of a semi-toric critical value are the orientations of the half-spaces given by its elliptic components and its jet in q 1 , q 2 . Conservation of plans orientations is only natural : symplectic structure is exactly the algebraic area on specific plans. Conservation of the jet of the focus-focus value, is the specificity here for semi-toric systems. It is related to the Taylor expansion of action coordinates near a semi-toric critical value (see [Wac14b] ).
Image of moment map for a semi-toric integrable system
Now that we have gathered enough results concerning local models, we can prove the principal result of this paper relying a local-to-global principle. One can notice that although the main result is given here in dimension 3, we have proved all the local results for any dimension. This opens perspectives for a more general result
Proof. of Theorem 1.9 Local proof of 1. , 2. and 3. : Let p be a critical point of Williamson type k with k f = 1 of a semi-toric integrable system (M, ω, F ). Applying Theorem 3.3, with the correct system of local coordinates ϕ in a neighborhood U of p, we have a smooth function G and a matrix A ∈ GL n−1 (Z) such that On CrP k (U), F is of rank k x by definition, and in Theorem 3.3, first column of Jac(G) is (∂ q 1 G 1 , 0, .., 0) t , so there exists a linear map S of R n such that S •t(t) = (S 1 •h(t), 0, .., 0 ke+1 , t)).
This proves points 1.,2. and 3. locally : P(Γ U ) is the affine space generated by Im(h) and Im(T ), and with h := S 1 •h on U, we have that Γ U is the graph of h on D. Note that since ∂ q 1 G 1 (0, .., 0, t) = 0, Im(h) is not in Im(T ).
Global proof of 1. , 2. and 3. : If we call U p the open set given for a point p ∈ M by Theorem 2.11, the family {U p } p∈M is an open covering of M , so we can extract a finite one of it. If we now fix k, each open set U Two open sets U i and U j may intersectect. In this case, with Theorems 3.5 and 3.7 we can always modify one of the two local models so that we have a local model on the union U i ∪ U j that is a natural extension of each local model. We will see that it extends also results of Theorem 1.9.
On each open set we can apply the results proved before, and get a h i and P(Γ i ) for each Γ i . Since the change of local model between U i and U j is the identity on CrP k (U i ∩ U j ), we have first that P(Γ i ) = P(Γ j ). We can also set a function h on the union as following
It is consistent because of Theorems 3.5 and 3.7. From this, we can extend step by step Theorem 1.9 from a U This proves 1., 2. and 3. globally.
Proof of Item 4. :
If we suppose that the fibers are connected, then for a critical value v, it now makes sense to talk of its Williamson index k. Taking p ∈ F −1 (v), there is a unique connected component of CrP k (M ) that contains p, and hence a unique Γ i in CrV k (M ) that contains v. The connected components of CrP k (M ) being strongly isolated, we have that Γ i is strongly isolated as well.
Conclusion
In the case 2n = 6, Theorem 1.9 is very visual : F F − X critical values are a union of nodal paths; each nodal path is contained in a plane. All planes share a common direction, and a nodal path is the embedding of the graph of a smooth function from R to R.
In this article, we have presented the local tools that exists for the investigation of semi-toric and almost-toric systems. In the description of the image of the moment maps, one shall think about the Q k as "singular local coordinates" for the image of the moment map. We have showed how these singular local coordinates can be used to describe "singular manifolds", by analogy with local coordinates and manifolds.
As calculus in local coordinates for regular manifolds, the calculus in local singular coordinates becomes heavy quickly. Nevertheless, it remains one of the most efficient techniques to prhas aovide results, even in unfriendly settings. For instance, although we don't know the form it may take, there must be an extension of Theorem 1.9 to almost-toric systems.
Local models are one technique, it is not the only one. In upcoming articles, we give another description of the CrV k , using more general arguments like Atiyah -Guillemin & Steinberg theorem. We shall rely on it to prove that the fibers of semi-toric systems are connected.
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